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Gentlemen : 

This i s  w r i  

Washington 25, D.C. 

ten i n  corn iance with ins t ruc  ,,oris containel i n  your 
' e t t e r  dated 30 March 1964 which i n i t i a t e d  a two-year study en ' t l e d  
"A Study of Nonlinear S tab i l i t y  of Motion of F in i te  Sa te l l i t e s "  It 

those pertaining d i rec t ly  t o  t h i s  study and also others which w i l l  give 
an impression of the  breadth of the evolving program of work which can 
be c lass i f ied  under the  general heading of astrodynamics at the  I l l i n o i s  
I n s t i t u t e  of Technology. The primary ro le  of the referenced NASA grant 
w i l l  be evident: related research topics,  the  emphasis of .study programs 
of NASA and ot,her predoctoral t ra inees ,  c loser  collaboration with program- 
oriented university groups as w e l l  as space-science agencies and industr ies ,  
invaluable enhancement of useful exchanges on the  in te rna t iona l  l eve l ,  -- 
a l l  can be%.,directly traced t o  the  i n i t i a l  support i n  this  area provided 
by the  present grant. 

6' may be considered t o  provide a complete resume of e f fo r t s  t o  d I! e,  both 

The work herein reported consti tutes fourteen months of e f f o r t  from 
not i f ica t ion  date(30 March 1964 t o  31 May 1965, including a no-cost t i m e  
extension. i 



c -. 

The e f fo r t  may be conveniei L.. Lraced i n  chronological form. The 
or ig ina l  viewpoint w a s  w i t h  reg: ,.d %,o problems of a t t i t ude  s t ab i l i za t ion  
of a r t i f i c i a l  s a t e l l i t e s ,  a problem of personal research i n t e r e s t  t o  the  
undersigned for roughly two years before iJMA or  other research sponsor- 
ship w a s  sought and received. Several months before t h e  present grant 
became a f ac t ,  technical discussions between Dr.  Wilson and t h e  undersigned 
raised questions o f t h e  dynamical analogy w i t h  lunar l i b ra t ions  and the  
known ser ious deficiencies with t h a t  theory. Dr .  Wilson i s  to be thanked 
for  an introduction t o  other astronomers deeply concerned over t h i s  problem 
who were anxious t o  secure an improved theory as basis f o r  ephemeris calcu- 
la t ions.  In  the  succeeding months of waiting for  t h e  NASA grant t o  become 
o f f i c i a l ,  undersigned devoted considerable a t tent ion and e f f o r t  t o  a s s i s t i ng  
by formulating a more accurate l ib ra t ions  tneory, on a purely voluntary basis .  
Subsequently the undersigned, who had already ha l f  a dozen publicath.ns' i n  
t h i s  f i e l d ,  has cooperated i n  l i k e  manner with astronomers and space'physicists 
having a broad range of in t e re s t s  but a l l  dependent on an imprqved l i b ra t ions  
theory. The U.S. Naval Observatory, most d i rec t ly  and deeply concerned, 
l a t e r  i n i t i a t e d  a formal program i n  t h i s  area on a small scale  and f o r  a 
l imited time, which has nonetheless provided invaluable a id  i n  access t o  
specialized l i t e r a t u r e  and occasional discussions with astronomer spec ia l i s t s .  

It is  appropriate at  t h i s  point t o  r e c a l l  that, l i b ra t ions  theory i s  a 
very old problem which s t ra ined the resources of t h e  greatest  c e l e s t i a l  
mechanicians of all t i m e  -- it i s  physically recognized as an extended form 
of t i e  three-body problem, i n  which one body i s  o f  f i n i t e  extent.  Lagrange 
a16 Laplace gave separate l inear ized analyses which cannot be reconciled 
w i t h  each other,  nor t he  l a t t e r  w i t h  current theories  developed f o r  art i-  
f i c i a l  s a t e l l i t e s .  It i s  the undersigned's main contribution t o  t h i s  f i e l d  
t o  have demonstrated t h a t  the  universally accepted theory of Laplace i s  
seriously incomplete, and t h a t  Lagrange's study forms a more su i tab le  s t a r t i n g  
point for  a quantitatively useful theory. 
s t a b i l i t y  c r i t e r i a  for  an understanding of physical l i b ra t ions  has j u s t i f i e d  
the deviation from original ly  planned direction of e f fo r t ,  i n  order t o  
construct an improved E l i n e a r  l ib ra t ions  theory. 
gszl of elucidating the nonlinear s t a b i l i t y  theory has been materially aided 
( fo r  more complete discussion, see Enclosure 7 ) ,  so t h a t  future  e f f o r t  will 
deal d i rec t ly  w i t h  t h i s  question i n  a manner t h a t  a ids  most importantly the  
astronomical problem as a special  case. 

The c ruc ia l  importance of accurate 

By t h i s  =lewAs the or ig ina l  

Documentation of accomplishment i s  represented i n  pa r t  by the several  
enclosures, i n  NASA report  form, journal repr in ts  form, abstract  of paper . t o  
be presented a t  XVIth Internat ional  Astronautical Congress, and a lengthy 
and detai led analysis of the dynamics of a l i b r a t i n g  r i g i d  body i n  general 
o r b i t a l  motion.' This nonlinear treatment, which w i l l  serve as a base f o r  

cont . - 



t he  accurate s t a b i l i t y  discussion, i s  not f o r  publication ye t  o r  fa r -genera l  
c i rculat ion.  A s  the  enclosures speak f o r  themselves, no fur ther  discussion 
here i s  required. Two other fundamentally r e l a t ed  but en t i r e ly  d i s t inc t  
e f f o r t s  which are  not documented with enclosures deserve b r i e f  mention. The 
first one car r ies  i n t o  t i d a l  theory the same correction required i n  L a p 1 r . e ' ~  
l i b ra t ion  study; t h i s  work has been submitted f o r  journal publication. The 
second i s  a re-examination of a question posed by Dr. Wilson himself, dealing 
with the  motion of e c l i p t i c  nodes on the  invariable  plane. 
search and calculation, undersigned w a s  l ed  only t o  negative findings,  
warranting no addition t o  l i terature at  t h i s  t i m e .  A l l  of the  e f f o r t  described 
above may be a t t r i bu ted  t o  NASA grant, with the  exception of ear ly  l i b ra t ions  
analysis f o r  ephemeris purposes performed f o r  USNO. 

After spec ia l  

Contemporary s tudies  are closely described by the  most recent of t h e  
enclosures, which i s  the  abstract  of an inv i ted  paper t o  be delivered a t  the  
above-mentioned Congress (Enclosure 8 ) ,  as w e l l  as analysis of rigorous 
s t a b i l i t y  of motions i n  the v i c in i ty  of r e l a t ive  equ i l ib r i a  i n  ro ta t ing  systems. 

A re la ted  study has been i n i t i a t e d  on a s m a l l  sca le  with the  Support of 
the  itational Science Foundation and f u l l  information of other agencies, which 
ought t o  be mentioned. 
approachbo the  NASA-supported study o f  t he  Moon as an object of s t a b i l i t y  
analysis,  by following the  lead o f  the physical chemists who deal  with cosmic 
origins.  
of bodies with the  discontinuous density var ia t ions t h a t  are believed t o  
exist. 
merged i n  a sa t i s fac tory  knowledge of lunar  s t ructure .  
auxi l iary and inter-disciplinary e f fo r t  w a s  o r ig ina l ly  intended t o  provide 
support f o r  a pre-doctoral student, it happens t h a t  a pre-doctoral fellow 
has been engaged i n  t h i s  work a t  no cost t o  the  program which i s  therefore  
permitted t o  function f o r  a longer period than the  one year t h a t  w a s  intended. 

This attempts t o  complement the purely dynamical 

Specifically,  Lyapunov methods are a l s o  appropriate f o r  analysis 

It is  hoped t h a t  t he  t o t a l l y  d i f fe ren t  viewpoints w i l l  eventually be 
Although t h i s  

On the  i n i t i a t i v e  of the USIJO and A i r  Force cartographers and geodescists, 
discussions have been held t o  c o n s i d e r  how spec i f ic  needs of t he  mi l i ta ry  
agencies m a y  be re la ted  t o  s tuc ies  now underway a t  I I T .  
scale  computation programs appezr t o  be more appropriately referred t o  
commercial computing f a c i l i t i e s  w i t h  s c i e n t i f i c  l i a i son ,  more d i r ec t  research 
and t r a in ing  collaboration at IlT i s  contemplated f o r  selected mi l i ta ry  
personnel. 

Although large- 

With regard t o  content of ,'uture e f f o r t ,  as w e l l  85 i t s  duration and 
cost ,  t h i s  i s  t o  s t a t e  principa.  invest igator 's  be l i e f  t h a t  no subs tan t ia l  
change i s  required i n  the  s t a t c  r n t  o f  t he  formal proposal ear l ier  submitted 

cont . - 
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f o r  the  e n t i r e  two-year program. The I I T  business 
t o  furnish you with the  f inanc ia l  report which you 
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of f i ce  is being asked 
require. . -  

- 1  

Yours very t ru ly ,  

I *- 
I rving Michelson 
Professor of Aerospace Engineering. 

Nonlinear Analysis of Physical Librations. I. New Formulation 
and Equilibrium Orientations Deduced From an In t eg ra l  of 
Motion, R.L. Duncornbe and I. Michelson, NASA Contractor 
Report CR-168, February 1965. 

Reply by Author t o  T.R. Kane and P.W. Likins (Continuati& of 
"Equilibrium Orientations of Gravity-Gradient Sa te l l i t e s "  
I. Michelson, AIAA Journal Vol. 2, No. 7, 1357 (1964). 

E u l e r  Angles f o r  Libration Analysis, I rving Michelson, AIAA 
Journal Vol. 2, No. 8, 1469 (1964). 

Libration Damping and Lunar Mass, Irving Michelson, AIAA Journal, 
Vol. 3, No. 1, 172 (1965). 

Theory of Lunar Librations Re-Examined, Irving Michelson, 
Astronomical Journal, V o l .  70, No. 2, March 1965. 

Abstract t o  Symposium on Celest ia l  Mechanics, Yale University, 

/ 
February 1965 (No Written Copy Available). 

Lunar Librations Theory -- Critique and Reformulation, I. Michelson, 
1965 

Deductions from Nonlinear Analysis of S a t e l l i t e  Physical Librations,  
Irving Michelson, Abstract of Paper t o  be Presented at  the  
XVIth Internat ional  Astronautical Congress, Athens, Greece, 
Septeniber 18, 1965. 



Reply by Author to T. R. Kane and 
P. VU. Liliins 

I I ~ V I S G  ~IICHELSO;L.* 
Illinois Institute of Technology, Chicago, Ill. 

LTMOUGII t l i c  rcsiilt. ( j j t  \vas obt+aiiied by tlii.v+.: i i i t f h -  a gration of the approximate differential system ( I  3 ) ,  3 
more fundamental demonstration may be preferrwl 1 iy 
readers who are unfamiliar with analogous conc111sion~ in 
celestial mechanics. The fact. that an integral of (’11 

available leads at. once to a complete map of ecjrii 
orientations in angular coordinate space, as shown Iw! 
further refinement is the asyignment of accurate limit- 1 1  VI’- 

gions of possible equilibrium orientation, by recour,w : 1 1  i Iii, 
full nonlinear tlynaniical formulation. The arguinc~i~ tli:rt 
follo\vs is motivated in part by Hill’s deductions b a d  I . : ,  iiii. 

use of Jacobi’s integral in t.hc restricted problem of t.lit.r.r* 
bodies. 

The usual set. of detailed libration equations (1-3) c ~ \ i ~ i l i i i . s  
the motion as a conventional sixth-order differential - I  *i<’lll. 

there being three degrees of rotational freedom. .\ iiettcr 
point of tleliart~urc: is available, howeyer, whenevrr t i :,, JA-  
grangi:m function is not an explirit function of tirnr. ’ l ‘ l i i -  i -  
just  the CRSC for circiil:;r orbits, and an  intrgral oi V :  . 
writ,ten at onre as 

where L denotes the Lagrangian function. Equat.ion ((;,I i- i l i rv i  
the complete expression of the dynamical (e.g., Hamiltonian) 
princijdc, and Iring of third order only, is advantagc~~ri~ for 
present purposes, as compared with (1-3). I t  is notcbci that 
condition (4j, earlier obtained by three integrations of the 
original systrni, is also of third order, conforming wi th  icij. 

13y scttinF tlic angular velocities :dl simultaneously ( - (  iu:il to 
zero, & = /3 = 9 = 0, (6) Iweomcs t.hc dcfining rrht  io i i s l i i l i  

for “~wriii:inrnt8 wtifigirations” hcre sought as 1iI)r:itioii:A 
eqiiilil)riuiii oricnt:tt,ions. Coiifigiir:~tion coordinates :I I T  t>lirn 
given by (6) :is :I func*tion of t,ot.ai tcin rnrrgy. O\viiig to 
tire ~~rcscncc of gyroscopic terms i n  the kinctic energy. I I I C  lcft 
mcnilar of (6) t.akc5 a form slightly different from t l iv  il<>tclr- 
tiai energ itscii, giving fiiiaiiy the ecluahioii 

(3a2 - f l . J Z ) i l  + ( 3 3 2  - b12)B + (3c32 - C12)C = const (7) 
The synilmls nl, . . ., Ca are introduced as principal axis (q, x2, 
z,) direction cosines, determined by the ordered sequence of 
finite rotations a, 8, y starting from the reference axes ( X I ,  
X2, X3) themselves rotating with orbital angular speed 52; in 
matris form, 

f 

The niorc accurato a n 0  complete form (7) of the equations 
dcfining cquilibriuni orientations is both an extension of (5) 
and its rigorous justification. Whcn no restriction is made on 
the principal moments A , R ,  C, (7) is a transcendental equation 

Tteceived April 10, 1‘36.4. 
* Professor of Aerwpace Engineering. Member AIAA. 
i Equat,ion numbem refer tn and notation ccmfom with Ref. 1. 

in all three angular variables a, 8, y; -In aellrivial limit.ing 
case of complete dynamical symmetry, A = R = C, the basic: 
property of direction cosines reduces the left member to a 
constant: independence of a, 8, y then shows that sll oricn- 
tations are possible permanent configurations. Intermediate 
degrees of dpamical symmetry evidently determine cqui- 
librium zones of lesser extent, but nevert,heless infinkc i n  
number of points (i.e. orientations) represented. Gcncraliza- 
tion to elliptic orbit in the first instance entails t h r  loss of 
energy integral (7), but standard canonical transforri~ation 
and pert,urbation procedures are then applicable and well 
suited to orbits of moderate eccentricity. It is intuitively 
clear that attendant reduction of equilibrium region increases 
i1-it.h orbit eccentricity. Total degeneracy of the equilibrium 
zone into discrete points and corresponding discrete equi- 
librium orientations has been demonstrated by J. L. Synge by 
taking the fictitious limit of zero moment of inertia in the 
varth-pointing direction C = 0, as indicated in Ref. 1. 

For the sake of completeness, t,he explicit forms of kinetic 
:mi1 potential energies and the relevant direction cosines are 
tabulated as follows: 

ZT = A ( &  cos/? cosy + j siny + aln)2 k. 
B(- cos8 siny + S cosy + 6 1 ~ ) ~  + 

C(& sin/? + -i + clQ)* (9) 

2U = 3Q2[.’1aa2 + Bb* + CC~’] (10) 

ill := (*os@ cosy aa = sina siny - cosa sin@ cosy 
bi = -co$ siny bs = sina cosy + cosa sin@ siny (11) 
c, = sins Ca = eosac~s f l  

Portions of the potential which are independent of angu1a.r 
orientation have been omitted from (IO), which is seen to be 
a form of MscCullagh’s expression for the potential of a dis- 
tant. attracting mass. i 

It  is hardly necessary bo cmphasizc that the result enunci- 
ated in Ref. 1 is correctly scrutinized by applying the more 
sirwinct Iwinciplc (7) without approximation or special as- 
siiniptions, as indicatd previoiisly. Readers who might still 
cling to the excessively differentiated system (1-3) should 
rrcognize that (4) demonst.ratcs an invariance of the dif- 
fervntial system with respect to displacement of origin of 
angular coordinates; this provides an alternative interpreta- 
tion of the result (5) or (7). 

The angle variables employed in the present discussion are 
seen to possess the same advantages of convenience secured 
in a different manner by Jeffrcys.2 

For more complete discussions of special integrals of energy, 
of permanent configurations and surfaces of zero velocity, of 
effects of gyroscopic terms, and of other concepts utilized 
in the preceding discumion, the reader should consult standard 
treatises such as Refs. 3 and 4. 
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Euler Angles for Libration Analysis 
IRVING n,hCHELSON * 

Illinois Institute of Technobgy, Chicago, IU. 

XCREASINGLY stringent satellite attitude stability re- I quirements have necessitated accurate dyn:rmical descrip 
tions of librational mot ion consisting of 1imit.d angular d i s  
plarcnicnts abnut satcllits wntroid. Although Killer's :ingle 
convcntion hLs always Imn followcd in treat 
of rot.:rt.ing hnlies, it introchrrs a peculiar 
disc.iissioiis of lilwat ions: small angular clispl:rrcmcnts of ar- 
Ilitrary tlirctetion cannot lx rqircscntcd by a set of small val- 
ues of the Eulerian anfiles. Although quaternions or different 
angle Conventions could be int.roduced which arc not subject 
to this disadvantage, there is an understandable reluctance to 
adopt t,licse, owing to t.he attendant loss of accessibility to the 
classic literature and methods which this would ent,ail. It is 
shown l~elow that sets of finite Eider angles can l e  found which 
possess all of the properties desired for treatinz gcwr:iI Iibra- 
tional motions, thus obviating the necessity f o r  int rrdiirtion 
of unconventional analytical techniques. 

The need for a convention for representing aiqil,ri, displace- 
ments is recalled to be a consequence of the fac*i that these are 
not vector quantities, since magnitude, direct.ioii. and also se- 
quence determine the resultant of two or more rotations: i.?., 
angular displacements do not enjoy the comni 
oi addition. Among the many ways of sew1 
rotation by compounding rotations about a ZI' ( I f  orttiogonnl 
directions, Euler's convention, being adequ:ir( . l i l t -  long held 
universal acceptance. X rotation + about. I ., : I \ i . -  S, ioi- 
lowed by a rotation e about a perpendicular :ix )-, :ind 3 final 
rotation cp about the original axis bring the : I . . ! -  1 ( 1  positions 
z, y. ?'he two right-handed triads A', Y ,  Z : r r t c l  .I.. y, : are 
then relatcd by equations compactly exprehd  i n  mat,rix 
form' : 

E] = [""" sin8 sing cos+ cosp - Si+ cos0 aii ip 

sin+ sine 

m e  cosp -cos$ sing - sin+ cos0 c:osq 

! - coqb sine s 

-sin$ sincp + cos+ case ( ' 1 ,  -_I -% 
sin+ cosg+ cos+ case si!, -1 ii] ( 1 )  

hlthoufih zcro displacements P, 0, cp clearl?- , I O  i ~ ~ l t i w  the 
transformation matrix to unit diagonal forin. : i  i -  ; I L I  recn 
directly that firstarder small values of these aii;ic.s t i l ,  not  cor- 
respond to a rotation of arbitrary direction. For thi; purpose, 
it is sufficient to compare (1) with the transfom:don that 
corresi)onds to infinitesimal rotations a, B, y about axes 
X, Y ,  Z, m clone in librations analysisz: 

Received hfnrch 25, 1WA. 
* Professor of Aerospace Engineering, Depart,nwrit, o f  Mechani- 

cal and Aercapace Engineering. Member AIAA. 

1 Note in particular that the matrix element sin+ sin0 V:LIII+ 
to the second order in the Eulerian transformation ( 

whereas the corresponding Z rotation y in (2) is only firsti 
der small. Hence, small values of the Euler angles do li 
represent small rotations that have a Z component. '6 
geometrical reason for this is to be found in the unsynimrtrii 
character of Euler's convention: two rotations about X, (I 
about Y ,  and none about 2. The more symmetrical rotati 
sequence that I d s  to the transformation (2), on the otf 
hand, entails exactly one rotation about each of three :I 

and thus is of D different class from Eider's, the same I ~ i n z  t 
of course when the angles a, @, y are finite and arrangml I 

definite sequence. 
The complete generality of JhUfer's rotations nonrt 1 1 1  

assures that there must be values of +, 0, cp which corre-' 
to all rotations, including arbitrary infinitesimal rot:i. I 

about three orthogonal directions. These are found 11% 
sidering those sets of three Euler rotations which I c 3 -  
triad invariant, the final configuration congruent to thr 
One of these is y5 = r / 2 ,  B = r / 2 ,  cp = 0, leading to I 
quired infinitesimal rotation by means of the angles 

* = (xi21 + ff e = ~ 2 )  + P = P  

1 

1 

When the angles a, 0, y are small, 
I 

a << 1 B << 1 y << 1 I 
the substitution of (3) into (1) recovers (2). l'he sii i tahIi* 
angles (3) is also geometrirally er-jdmt lx~:iuse the t n  I )  

tions of approximate magnitude T ,  2 hare the eKect of T, 1 
ing each rotation axis from the others by an snqular (11-1 I 1 
~ / 2 .  This is clearly neceswy for the r.c~prc+entntioii of 1 , 
sultant small rotation of arbitrary dircrticm, hut it 1- I 

cluded by the Euler sequence whcn + or 0 ii  limited t o  . 
values, the remaining angle cp also being small. 

may also be found which serve equally well) is that a(*(. 1 
calculation of libration amplitudes, mode coupling, 4t:i i ' 
and related characteristics requires consideration 01 

infinitesimal and finite values of CY, 8, y in unrcstrictcvi 1 
binations; angles (3) permit the partially stabilized 11111 I 
to be joined to the completely stabilized libration in v I I 
a = 0 = y = 0. This is accomplished, moreover, \\ 

the orthodox framework of Euler rotations in a generalit \. . 1 
possible with the small values of $, 8, cp, which correctly l ( s i  

sent only the limiting state of zero libration. 

The usefulne3s nf 8 wt of rotations such as (3) (otlics* . 

References I 
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Libration Damping and Lunar Mass 
IHVIXG ;\IICHELSON* 

Illinois Instilute of Technology, Chicago, Ill. 

where t& likewise depends on the differences between earth’s 
principal inertia moments and the earth-moon orientation. 

Although the two Eqs. (1) and (2) do not form a simul- 
taneous system, i t  is observed that the products of diagonal 
coefficients form an equality 

I ~ . ~ ~ I ’ ~ . - ~ ‘ ~ I O S . ~ I , I , Y  oriented satellites are of interest G ciirrrntly lwwuse of the ~ ~ ~ s i b i l i t y  they afford to con- 
trol oric.nt.tttion i n  space for long time durations without a 
coiitinuing powver requirement. .% major design problem is 
the ~irovision ( J f  adequate damping for rotational oscillations; 
the tIiL!ry of physical librations of t.he moon is 3 useful guide 
t<J the iinderlying dynamics. Consideration of the inter- 
actions iwt\vcwi 1il)r:itional and orbital motions leads to a 
n w  ri4itiimsIii~) IJel~veen ni:wses and orbital distances and 
rcveals a contlit ion on friction terms. 

P h q y  cliGl)ation wit.hin the moon is directly related to 
tlic: cort~~lo-~~roclucing tctrin in the gravitational potential, 
the sun’s effect imdoniinat.ing over the earth’s. If the energy 
of tnoon’s orI)h:d motion around earth is expressd as 

k2Jf,dI,/-2r 

:mil its variation clt-tnmineci by clissii)stion, t,he relationship 
can lw written a. 

~ 1 i c - 1 ~ -  1 1 i v  ( ; : t i i s h i  constant, kZ Ii:is I ) c~n  suppresed :is a 
~ ~ O ~ I I I I I O I ~  factor. ICarth, moon, and sun niwws are denoted 
S J ? ,  dl,, .I/, ; (!:irlh-nioon and sun-innon niran distances are 
rc*prc.wrttcd by r and R ;  effects of lunar orientation toward 
r u n    AI^ lunar mxss asymmetries determine the explicit 
.iorni of whidi is given by MacCullagh’s forinula (see, e.g., 
lief. 1). 

Tic1:rl dissii)ation within the earth due to the proximity of 
the lunar niass can likewise be related to variation of earth’s 
orbit aroiintl sun, giving 

( L l f J f m / A f , M , )  = (r/R)6 (3)  

as is easily verified by direct. substitution of known nrtniwical 
values for each of the quantities contained in this equation. 
I t  should be noted that Eq. (3) has not been deduced from 
(1) and (2), so that a further relationship is implied between 
the differential coefficients which the3  cdntsin : 

(-1) 9 1  - a_R 
6 6  - 6r 

The ratio on the right side nf (4) can be cv:iluated on  tl iv 
basis of orbital considerations (e.g., by requiring thv total 
moment of momentum of earth and moon orhital niot ions 
to remain constant). Then the twms on the left relate 
dissipation within the satellite (moon) to that within the 
primary. Reciprocity relationships are suggested by the 
form of (4). 

Equation (3) recalls the formula given by I ~ p l a c c  for thr 
radius of the “activity yihere” outqide of which the wn’- 
attraction i.; inore important than the earth’- on thc niot ion 
of a third h d y .  If the geomrtric nirnn of earth and iiiooii 

~ i i ~ w s  is r q h c e d  by earth mass, in fact, 1Sq. (3) l ~ c ~ c c i m c ~ ~  
idrntical to 1,qilace’s fnrinrih (we, r.g., Ref. 2). ‘ l h t  re- 
lationship is known to be devoid of iirwiw signific:incv, 
despite its utility; in contrast, 1Sq. (3) may Itr cmsidcrcvl 
surprising in its precision, despite the largvly hwri-tic 
development given here. 

The striking simplicity of the relationship (3), moreover, 
leads one to expect that i t  could be found in treatises on 
celestial mechanics; this is not the case. Nor does the classic 
literature appear to provide a sound dynamical basis for the 
equation. 
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Abstracts of Papers Presented at the 117th Meeting of the American Astronomical 
Society, held 28-31 December 1964 at Montreal, Canada 

Theory of Lunar Librations Re-Examined. 
IRVING MICHELSON, Illinois Institute of Technology. 
-The principal features of lunar rotation were con- 
cisely summarized with a high degree of precision by 
Cassini in 1693 in the set of three empirical laws that 
are known by his name. Laplace one century later 
furnished a dynamical theory for the actual small 
departures of the motion from the idealized form 
enunciated by Cassini, and suggested measurements 
from which lunar mass distribution characteristics 
might tie inferred. In  modem times Commission 17 
of the International Astronomical Union, recognizing 
the inconclusive character of all such subsequent ef- 
forts, has urged the application of a rigorous method 
for the entire process of data reduction and interpreta- 
tion. A generalized formulation utilizing contem- 
porary methods of analysis has been carried out which 
now permits discussion in fundamental dynamical 
terms of physical librations of the moon and also of 
artificial satellites in arbitrary elliptic orbits. 

Among the features of the lunar motion which 
were inacc.essible on the earlier theory is the depend- 
ence of the Cassini motion upon given orbital char- 
acteristics (eccentricity and inclination) and inclina- 
tion of the lunar equator to the ecliptic ; this limitation 
is now removed. Restrictions on small-amplitude libra- 
tions are also relaxed, both in relation to libration 
mode coupling and the role of arbitrary principal 
moment of inertia differences. Finally the complete 
dynamical basis of Cassini motion is demonstrated 
with due regard for significant but earlier ignored 
effects of relative motion of lunar centroid. . 



EquiIibriuiu Orientations of Gra&y- 
Gradient Satellites 6 

IRVING MICHELSON* 
Illinois Instituk of Technology, Chicago, Ill. 

IIlS gravitational torque that acts on an  orbiting T satellite represent5 an automatic mechanism for attitude 
control in  spacc. Since configurations sufficiently elongated 
in the earth-vertical direction esperience a positive restoring 
couple duc to the gradient of gravitational attraction when 
disp1:rcrd from equilibrium orientation, systems based on 
this principlc can be of a pmivc  character. Practical in- 
tcrrst in  gravitationally oriented satellites is conditioned by 
the :additional amount of mechanical control which will be 
rrquired to assurr adequate precision of orientation. A cal- 
culation is indicated which demonstrates that there is an 
infinity o f  equilibrium satellite orientations, in which no 
control is t,lirrrforc required. All are in the neighborhood 
of tlitisr tliscrcte orientations for which the gravitational 
torque is zero. 

A n  equilibrium orientation in spacc is defined by the di- 
rections of orbital angular velocity and instantaneous earth- 
vcrticnl. If satellite principal inertia axes z1 and za occupy 
thesr dircvhons, rcspcctively, and z2 is directed opposite to 
instantaniwus linrar orbital velocity, the axes form a right- 
I~anded triad, gravitational torqur is zero, and orbital centrif- 
ugal forcrs are balanced by gravitational attraction. When 
small anguktr displacements a, @, y are produced by rotating 
about zl, z2, z3, reslxctively, the equilibrium is disturbed 
and the rnsiring angular vibrations about satellite mass center 
arc govrrnrtl by an estcnded form of Euler’s equations of 
rigid-body rnot.ion : 

- , I& + 3 W ( B  - C ) a  = 0 (1) 

(2) I l B  + 49y.4 - C)@ + R(.4 - B - C)Y = 0 

Cg + f2’(,.1 - B)r  - R(i1 - B - C)B = 0 (3) 
I’rinc*ili:rl-:tsis ~nonirnts of inertia arc denoted by :1, B, C and 
I2 rrjirrstwt,~ orl)it:ri :rngulnr speed for an orbit assumed for 
siinplicitg to 1)r rirrular; dots indicate differcntiatioris with 
rcspcct to tinir. Eqs. (1-3) differ from the forms given in 
trratiscs on dynamics, owing to two causes.’ One is the 
inrliision QE the lcft-hand sides of the eyustions of the com- 
ponents of gravitational torque, and the other is duc to the 
completc forin of the t ( J t31  inoment of momentum for a body 
in  motion :bout a point not fixcd in space. 

I n  ordw to o1,toin a usciful integral of the system of 15qs. 
(1-3), i t  is convenirnt to rcwritc them as 

ii = bUl/bar (1’) 

(2’) 6 + 2ay = bli?jb@ 

(3‘) 
whrrr c.lwrly a :tnd b arc constants, and U1, Uz,  ti3 are func- 
tions only of a, p, y,rcspcrtively, given by 

R(/l - 13 - C )  R(A - B - C )  
a =  b =  

2B 2c ; 

Ilccrivrd by IAS 0c.toIwr zi, I!)(iZ. 
* Professor of hfechnnicnl IZngineering, and Visiting Professor 

:it the Institut tlcs Specialit6s Industrielres de Nancy, Universite 
de Kancy, France, during Spring Semester 1963. Member AIAA. 
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1 ( A  - B)  
U,(y) = -- 2 Q 2  ___ C y2 

Multiplying Eqs. ( l f ,  2’, and 3’) in turn by R a ,  b j ,  and ay 
and adding, one obtains by means of a single integration 

(!-la2 + b j 2  + ai ’ ) /2  = QUI + bU2 + aU8 + K’ (4) 

where K’ is a constant of integration. An equilibrium orien- 
tation is recognized by the simultaneous and persistent 
conditions & 5: (3 = y = 0. Thus if each of the angular ve- 
locities &, (3, y is put equal to zero in Eq. (4), the right-hand 
side furnishes the geometrical condition that is necessary to 
secure the corresponding equilibrium orientation. The 
method employed to obtain the result hardly differs from 
that used by Jacobi in his treatment of the problem of 
Lagrange’s three particles.’ 

Writing now 

U ( w 3 , y )  = QUA + bUt +.aU, 
1.. 

Eq. (4) reduces to 

U(a,B,y) = - K ’  (5) 
Although the particular orientation given by a = B = y = 0 
is seen from Eqs. (1-3) to represent one orientation of dynam- 
ical equilibrium (that one which corresponds to zero gravi- 
tational torque), Eq. (5) shows that there is an entire 
onc-parameter family of points in a,B,y space for which the  
same condition is true. For all of the orientations, in general, 
a net gravitational torque is present but is esactly balanced by 
thc couplr genrrakd by the static gradient of centrifugal 
forces in the orbital motion. 

A case of special interest from the practical viewpoint is 
that in which the satellite possessrs axial symmetry about 
the earth-vertical direction, so that A = R. In this r n ~ e  
it is easy to see that Eq. ( 5 )  reduces to 

a2 = 2 3a 2 +Ii 

and evidently the constant K niust vanish, since a = 0, 
/3 = 0 are values corresponding to one solution. 

In addition to demonstrating that many equilibrium orirn- 
Micas  are to be fouid iu the same neighborhood of attitudes, 
the present result may be useful in determining advantageous 
contours for communications satellite reflector disks. 

Finally i t  is noted that the prcscnt calculation bridges the 
gap between two well-known results. Although a splicrically 
symmetric mass distribution poss~sses 9 double infinity of 
equilibrium orientations (i.c., i t  has no preferred directions), 
and two point masscs attachcd to a weightless rod pc.. ,sscss 
only si\: discrete equilibrium Orientations (two of which are 
stable3), the calculation shows mat for a gcncral distribution 
of m a s  there arc a single infinity of orientations replacing 
each of the six discrete oncs found by Synge. . 
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Tile standard tneoqy 013 physiczl Libratiorrs 02 the frloon as f o m u l a t s d  

by LzplLcc takes  f o r  its  basis'the ecAu&ions of mer for t h e  rotat icnal  

notlorr 02 L rLzid bo@ about P f ixed point. 

ceding f r a  first princi2les is given which facil i tates scrutiny of a p  

An e3cmentary clevelopont pro- 

pox*--tiozx side by L q l a c e  and also ,%ids dizec t  physical  in teqJre ta t ion .  

It is shovn tbt correct ions are needed in a theory t h a t  c i i ~  be used in 

tile reLuctioxi of c,umtitative obscrvlitiard dsta, tantumunt to o frogh 

forzulztior: 

Tkhe trac;itior;al. zaalg'sis i s  exbaaed i? tha Z i r s t  i n s t a c e  hy allov;- 

in2 l o r  the nonunifom m t l o f i  or' lunar ceatroid r ek t ive  t o  Wrtli-iLoon 

t;arycer,ter. 

of k r t h ' s  pxitbt iw-al  couple on the !Looa, t t d s  consideration denon- 

rt?i.tes that it is a dynaiic 'b&La.ce be9;iew. gravi ta t fof ia l  bnd c m t r i i b g a l  

cou&s iti&cii cic-teizA1c.s t h e  JiSratLGr-s. 

Yiherss the convationr+l theory recognized mly the actior; 

it is ; I s 0  shorn th;t, in the 

by recognizing the  eutonamous charkcter of lunar libriitians, an 
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.~ I , r - y ~ : : , ; i x  mci mmiltonian Functions for  RotatinE: Moon 

Tihe motion of 8 p a r t i c l e  of t he  Moon i s  re fer red  t o  t h e  center  of 

mass of t h a t  body i n  t h e  f i r s t  instnnce. 

I s  r e fe r r ed  t o  the  Earth-Moon barycenter, and t h a t  point  i n  t u r n  r e f e r r e d  

When t h e  lunar  centroid motion 

t o  an i n e r t i a l  reference frame, then the laws of X’ewtonian mechanics axe 

a;?plicable. 

i n e r t i a l  reference frame t o  barycenter of Earth-Moon system, by 21 t h e  

vector from Sarzh-Noon barycenter to lunar centroid,  and by F t h e  pos i t i on  

vector of a f ixed point P of t h e  moon relative t o  lunar  centroid,  thei)-*the 

loca t ion  of P i n  t h e  i n e r t i a l  f r m e  i s  given by t h e  vector  E 

Bence denoting by E, t h e  vector extending from o r ig in  of 

- 
GI? = Ro + 81 + 

- 
Sy rceans of the  unit vectors  e and e d i rec ted  along Ro and R1 it i s  

R O  31 

possibie  t o  express the  ve loc i ty  G: ? i n  t h e  i c e r t i z l  frame as 

- 
wkere sio i s  ;he angular ve ioc i ty  vectoi-, noma1 to plme Ceternized by So a.1~3 

?io, givicg tne  ve loc i ty  of t he  ecc-;c:;.; of go noma1 t o  t h a t  vector .  In  t n e  
- 

saxe way, R1,  n2 give t h e  r e l a t i v e  cz;Lzr v e l o c i t i e s  of t h e  corresponding 

noving reference frames. 

Although the  t o t a l  k ine t i c  energy o f  t h e  Moon is  given by t h e  in tegra t ion  

over t h e  pa r t s ,  as 

, 

t h e  r o t a t i o n a l  motion 32 of the  Moon re l a t ive  t o  its cent ro id  i s  s tudied  by 
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XLZS of t h e  term i n  the  k ine t i c  energy alone which contains t h i s  quantity.  

tC;ec tile in tegra t ion  is Carrie4 out using center-of-mass coordinates * t h e  

re levant  ?art of thekine t ic  energy is. given by t h e  expression 

T = I j ( E  x ; ) . ( E  x F) d;;l 2 

where brevi ty  of .no ta t ion  is  achieved by writing 

For fu r the r  s impl ic i ty  the pr incipal  axes xl ,  x p ,  x3 are employe;;' t h e  

corresponding components of t h e  absolute angular ve loc i ty  being denoted 01, 

- 
02, 03, and pr inc ipa l  i n e r t i a  noments designated as A, B, C. It follows at  

once t h a t  

>J wri t ixg  t n e  k ine t i c  ensrgy i n  tkis T o m  (2 ) ,  t h e  influence of r o t a t i o n a l  

x i t i o n  on t h e  o r b i t a l  notion is  neglected: 
- 
R,, E,, .<i, 31 are considered 

t o  be independently deterxiaec -- an approximation j u s t i f i e d  by t h e  vas t ly  

d i f f e r e c t  energies of orbital a;ld l u a r  ro t a t iona l  zo t ions ,  as wel l  as t h e  

near-sphericity of t he  i L T a  mass d i s t r i ' h t i o n .  More accurate treatment,  if 

ces i rec ,  r r i q  be sought along l i c e s  indicated i n  t h e  inves t iga t ions  of 

Xondurar (Ref. ) or  by exploi t ing t h e  concept of g rav i t a t ing  center  fo r  

non-centro3aric bodies, i n  t he  manner which has been appl ied t o  t i d a l  theory 

by Nanas (2ef.  * ) .  

, 

4 



%e, p z v i t a t i o n a l  po tcn t i c l  energy of t h e  Noon cons is t s  of t h e  p a r t s  

i-c?rcsenting xxtu31 force a t t r ac t ions  by Earth and Moon independent of t h e  

Xao2's mass d i s t r ibu t ion ,  plus considerably smaller contr ibut ions,  t h e  most 

i i qo r t an t  of which 'are t h e  t i 6 a i  po ten t i a l s  due t o  Earth and Sun t r e a t e d  as 

d i s t a n t  mass points.  These axe wr i t t en  as t h e  leading terms of MacCUllqh's 

f o r m l a  : 

2 wkers k 

of h r t h  and S u i ,  wnereas R and 

t o  t h a t  of Ea r th  and t h a t  of Sun -- and it i s  noted t h a t  R i s  not i den t i f i ed  

is  t h e  universal  g rav i t a t iona l  constant, M e and Ms are t h e  masses' 

3 stznd f o r  t h e  distances from lunar  centroid 

witn t h e  bzrycentric dis tance R1 e a r l i e r  introduced. 

of t k e  Moon about t h e  l i n e  connecting i t s  centroid t o  t h a t  of Earth is  

Zesignated I e' and analogous meaning is a t t r ibu ted  t o  I S . It i s  of i n t e r e s t  

t o  note t h a t  t he  second term contair,; a coeff ic ient  smaller 

t h e  first t e r ~ ,  i n  t h e  r z t i o  

The moment of i n e r t i a  

ti?= t h a t  of 

but t he  second t e r n  w i l l  be seen nonetheless t o  be of grea te r  i n t e r e s t  thzn 

t'nis n m e r i c a l  value suggests. 

between pr inc ipa l  i n e r t i a  roments A ,  B, C, and t h e  f a c t  t h a t  lunar  o r i en ta t ion  

i s  sucii t h a t  I 

essen t i a l ly  f r G x  one of these t o  accrL,';=e: each week, so t h a t  t h e  ove ra l l  

influence of t ne  solar term 

The reason i s  found i n  t h e  s m a l l  d i f ferences 

d i f f e r s  very l i t t l e  ,':c. cne of  these ,  while Is ranges 
e 

1 z4 
sabs t aa t i a l ly  enhanced. 

Tne Lagl-mgLan function i s  formed as t h e  difference of k i n e t i c  and . 
po ten t i a l  energies,  from (2)  and ( 3 ) :  



.. . . .. .__ 

?otential a& k ine t i c  energies ( 2 )  a d  ( 3 )  a r e  both not  e x 2 l i c i t l y  

tkna-dcycnCicst, so tfict t C c i r  sux furnishes. -the vzlue of the IIaniltonian 

f.2;ction. L., - 3 e x p i i c i t  form of t h i s  function i n  terms 02 a s e t  of coordinates 

coordicazes, several d i s t i n c t  s e t s  of vklc'n will be found to accora w i t h  

a1terna:ive q p r o x i z a t i o n  2nd pertur3ztion schezes. 

, 
5.. 

A s e t  of reference 

exes ard s ~ e c i f i c  nonenclature of lunar pr inc i2a l  i n e r t i a  axes aye i'ound 
4 &.q&&'L&U 

t o  5 ,  Lser'ul i n  analyzing basic fea tures  of t h e  motion a s h g e  cgoordiiates 

, i z te r  e q l o y e c .  
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2aa:yti:x::e nxcs ctnd n n ~ 1 . c ~  of r o t a t i o n  

h.es x,, X2, X 3  serve as a system of reference coordinates with o r ig in  

loca te5  a t  Moon centroid- such t h a t  X, i s  normal t o  h r t h - o r b i t * p l a n e  ( d i r e c t  

s e s se ) ;  X s  is along t he  l i n e  connecting Earth and Moon centroids ,  d i r ec t ed  

away f r o 3  Ear th ;  X2 conpletes a right-handed t r i a d .  

of t;?e Goon are denoted xlr x2, x3 and are located by an ordered sequence 

of ro t z t ions  a,  6, y s t a r t i n g  from reference axes XI, X p ,  X3: a is  a r o t a t i o n  

i n  the  pos i t i ve  sense about X1; ,3 i s  a ro ta t ion  i n  pos i t i ve  sense about the  

d s p l a c e d  X, axis; y i s  a ro t a t ion  i n  posi t ive sense about twice-displaced 

X 3  ax i s .  

a r e  inf in i tes imal ;  i n  general ,  therefore ,  t h e  re la t ionships  between reference 

coordinates a36 pr inc ipa l  axis coordinates a r e  character ized by a matrix 

wkich is not skew-symmetric. Tne exp l i c i t3  t ransforna t ion  re la t ionships  , 

are exki3iteci in Fig. 1, where d i rec t ion  cosines al, a g ,  . . . , c 3 are 

ex-pessed i n  terms of t h e  angles e, 6, y and addi t iona l  usefu l  re la t ionships  

P r inc ipa l  i n e r t i a  axes 

The order of ro t a t ions  i s  i m a t e r i a l  only when these  r o t a t i o n s  

jetween these quan t i t i e s  are  tabulated.  

XI, ~ 2 ,  x3 axes a r e  respect ively dsnoted A,  B, C;  t h e  components of angular 

ve loc i ty  

r'unctions or' a, 6, y, i . e . ,  of t he  t i n e  derivatives of t h e  r o t a t i o n  angles: 

Trincipal  i n e r t i a  noments about 

r e l a t i v e  t o  reference axes are  denoted p ,  q, r and c r e  l i n e a r  
. . .  

Preference f o r  

LTgles f o r  exaaple, 

t he  present ro t a t ion  convention, as com2ared w i t h  E u l e r  

i s  r e l a t ed  t o  t h e  occasional inconvenience of t h e  l a t t e r  

set: 
2 

of the  Euler angles ( t h i s  being a "l-$-l" convention, while a ,  8 ,  y form a 

an arbitrarJ small ro t a t ion  is not describable by a set of s m a l l  values  



"1-2-3" se t ) .  The  unsui tab i l i ty  of Euler angles f o r  general  notions has 

beer, notsd e a r l i e r  (see,  e . g . ,  ,#Tisserand 1. 
Libration i n  Wo-BoSy Motion 

The custoaaPy analysis  of 'lunar l ib ra t ions ,  following Laplace, has 

been based on wr i t ing  t h e  c l a s s i c a l  r i g i d  body ro t a t ion  equations of Euler, 

t h e  m g u l a  ve loc i t i e s  being those measured r e l a t i v e  t o  reference axes 

tiefined by Xarth-Moon configuration and t r e a t i n g  lunar centroid as t h e  Origin 

of a Newtonian reference frane.  

oniy tnrougn the  grav i t a t iona l  potential Vp having no r o l e  i n  t h e  i n e r t i a  

of t he  motion. 

&w!tw 
According t o  t h i s  view, %ea and Sun en te r  

Such an analysis  m y  be termed a "one-body" r o t a t i o n a l  aot ion.  

i n  the  present fornulat ion t h e  i n e r t i a l  influences of Sun and Earth a r e  

i rd i ca t ed  3y t h e  presence of terms a, and a l i n  t h e  k i n e t i c  ena-gy (2 ) .  

d i f f e r e n t i a l  equations of motion obtsined by en;ploying t h e  expression ( 2 )  

i n  i ;anil toc's  I r i c c i p l e  reduce t o  t h e  c l a s s i ca l  one-boLy r o t a t i o n a l  motion 

when both i2, and R1 a re  suppressed (see 3ote A,  for example). 

the  h i t h e r t o  unquestioned accep taxe  of t h e  s u i t a b i l i t y  of one-3ody l i b r a t i o n  

aza lys i s ,  it i s  of i n t e r e s t  t o  de2art  f r o 3  it i n  easy s tages ,  tnus permitt ing 

the  c loses t  comparisons with ttre tr-tional developzent. 

of 31 and neglect cf R,, ef fec t ive ly  accounting f o r  notior, of NOOE r e l a t i v e  

t o  Earth but not 02 Sarth-Moon r e l a t i v e  t o  Sun, can be expected t o  furn ish  

a core coxqleze ins ight  t o  t h e  a c t u a l  motion without enter ing a t  once upon 

t h e  full added cozplexity suggested by accounting f o r  both Eo and fil. 

wlii i n  f a c t  be seen t h a t  features  of t h e  motion appear which a r e  of fmda- 

anent& i iqor tance  and which are not present i n  e a r l i e r  analyses. 

t o  d i s t inguish  from t h e  most general  discussion which can be based on t h e  

present formulation, namely, $hat i n  which Sun, Eax%h, snd Moon are a l l  

The 

I n  view of 

T h ~ s  the  r e t en t ion  
- 

It 

I n  order 

v 



~ c c o u ~ t e & ,  tlic calculat ions below wherein Earth and Noon are considered 

alone w i l l  be terixed "two-body" l j b r a t i o n a l  analysis .  To t h e  extent  t h a t  

solar influences a re  l a t e r  seen t o  be dominated by those of Earth,  t h e  

former nay be l a t e r  accounted by application of per turbat ion techniques, 

a d  t h e  two-body analysis  serves t o  determine t h e  canonical va r i ab le s  f o r  

t he  more c o q l e t e  calculat ion.  

Xeglecting non-uniform motion of Ezrth-Moon barycenter r e l a t i v e  t o  

a t r u e  i n e r t i a l  reference fratze by omitting t h e  termzo, t h e  k i n e t i c  energy 

of lunar  ro t a t iona lmot ion  becomes, frorr (2) and ( 5 )  c.. 

A 3 T = 2 { (SI  + b)a l+  s iny b J 2  + $(Q + &)bl  + cosy b12 
T 

where t h e  subscr ipt  on SI1 has been dropped; t h i s  can a l s o  be wr i t t en  as 

wnere t h e  r o l e  of d y n a i c  a s m e t r i e s  (A-3) and (A-C) i s  pa t  i n  evidence; 

it is  kaown tha'i these teAms a r e  pos i t ive  and smll com;?ared with any one 

of t he  p r inc ipa l  i n e r t i a  moaents. 11qortan-t fea tures  a re :  i) t h e  f a c t  

t h a t  t h e  k i n e t i c  energy i s  of second degree i n  &, B'z y but not 'nomogeneous 

as a function of these quan t i t i e s ;  

i n t o  p a r t s  porport ional  t o  t he  moaent of i n e r t i a  A and p a r t s  which a r e  seve ra l  

3 

ii) t h e  separat ion of k i n e t i c  energy 

orders s n a l l e r  owing t o  the  smallness of (A-B) and (A-C); and iii) t h e  

representat ion of l i b r a t i o n a l  "relat ive"  notion by terms carrying a dot above 

-- omission of  all of these terms leaves the k i n e t i c  energy f o r  configurat ions 
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of rclrrtivc equilibrium, a q u n t i t y  of decisive imgortance i n  s t a b i l i t y  

.* . 
ciiscussiocs t o  follow. 

it m y  be renarked a t  t h i s  point  t h a t  t h e  r e l a t i v e  equ i l ib r iun  

correspondlng to d = b = 0 = 0 i s  of a form determined by choice of reference 

axes, and does not correspond t o  a condition of zero ro t a t ion ,  but  t o  a 

ro t a t ion  speed eGual always t o  the  o r b i t a l  angular veloci ty .  For an  

eccent r ic  o r b i t ,  of course, t h i s  is without s t r ic t  dynamical meaning, b u t '  

i s  consiciered as a useful  bas ic  motion owing t o  t h e  observed f a c t  t h a t  these 
5. 

TJantities are slliall enoughfq t o  a f f e c t  t h e  s l i g h t l y .  A more 

accwa te  spproxiaation is  consis tent  with Cassini 's  Theorems and p a r t i a l l y  

sgec i f i e s  6 ,  8 and 9 .  Note also t h a t  approximations of t h i s  type,  having 

e r e c t  energet ic  i n t e rp re t a t ions ,  are  of a d i f f e ren t  character  from t h e  

usual ones i n  l i b r z t i o n s  ana lys i s  which assume t h a t  disnlacements differ 

l i t t l e  from t h e  bas ic  "Cassini Motion" which has an empirical  b a s i s  r a t h e r  

than ciyziaaical. 

aecoI;.;posing t h e  k ine t i c  energy irito garzs propcrt ional  t o  zero,  f irst  

and second powers of t h e  angle r a t e s  6 ,  i, $, it may be wr i t t en  as 

a f o r z  which will be useful  i n  t h e  discussion which follows. 

The i2ter; ;retation of t h e  separate contributions t o  ( 6 )  o r  ( 6 ' )  i s  

i m e d i a t e  : ro t a t ion  associated with o r b i t a l  motion i s  d i r ec t ed  along 

axis XI, w h i l e  the.comgonents of r e l a t i v e  notion &, B, 9 are re fe r r ed  t o  

axes intelzlediate between the  s e t  XI, X p ,  X3 and t h e  instantaneous pos i t ions  

of p r inc ipa l  i n e r t i a  axes xl, x p ,  xg (only f o r  i n f in i t e s ima l  angidar dis- 

be i d e n t i f i e d  with - 6  nlacercents ..a, B ,  y can each of t h e  quant i t ies  &, b ,  
t h e  angular v e l o c i t i e s  about t h e  separate  axes). The total energy shown by 



( 6 )  rep-csents  t he  sums of resolved components along each p r inc ipa l  axis 

d i r ec t ion ,  'both f o r  the  o r b i t a l  and for  t h e  r e l a t i v e  ro t a t ions .  5 
Soting from Fig. 1 t h a t  t h e  d i rec t ion  cosines al, b l ,  c l  i n  (&) are 

. .  
independent of t he  angle a, t h e  same being t rue  f o r  t h e  coe f f i c i en t s  of b 
and c ,  it follows t h a t  1 

which will y ie ld  fu r the r  useful in te rpre ta t ion  below. The der iva t ives  

w i t h  respect  t o  B and y,  f o r  r e l a t i v e  equilibriuin h = b = = 0 may 5.. a lso  

be noted: 

? r n  0 - 1  = - f i 2 { ( ~  - C) s i n B  COSB + (A - B)(-COSB s i n y )  s in8  siny] a a  
(7) 

= -Q2(A - B )  COSB s i n y  cos3 cosy = -Q2 (A - B)(-blal);  

t h e  in t e rp re t a t ion  of these terms as cent r i fuga l  couples may be an t ic ipa ted .  

Turning t o  the  po ten t i a l  enerpf due t o  Earth, t h e  port ion which depends 03 

lunar  cass asy.metry and or ien ta t ion  is given frm ( 3  ) as 

(A + B + C - 31,) 
-k2M 

V = -g 
e 

where again a subscr ipt  i s  omitted. The moment of i n e r t i a  Ie is  c lose ly  

given by 

which is  e a s i l y  brought t o  t h e  form 

by r eca l l i ng  t h a t  XI,  x2,'x3 are t h e  coordinates of Earth, loca ted  by t h e  X 3  



a i s  sad- I t s  di rec t ion  cosines. 

IIence 1 I 

and p a r t i a l  der ivat ives  are noted for later reference: 

, 
1 

(cosa cos$ siny) + (A - C)cosa cos$ (-cosa s i n s )  

T-r &..at these k r i v a t i v e s  represent c;~ .?O~iCcT,s  of g r a v i x z i o n e l  cou?le is  r ead i ly  

shown on t h e  basis of the meul,i,-,; 2 2oTential ecergy; i?; w i l l  a l s o  be 

Cemonstrated i n  a manner t h a t  f a c l l i x z e s  physical  i n t e rp re t a t ion  of t h e  

der ivat ives  (7 )  



Direct Calculation of Grzvi ta t ional  Couple 

Denoting t h e  Earth-Moon centroids d k t a n c e  by R, t h e  dis tance from Earth 
1 .  

centroid t o  a 2oint  P of t h e  Xoon is given by 

while t h e  u n i t  vector f ron  the  same d i rec t ion  is 

- *111 - + X272+ ( X 3  + R ) i 3  
e =  

L > 
i n  terns of reference axes and t h e i r  associated u n i t  vectors .  Consequtpth 

u n i t  mass a t  point  P is  a t t r a c t e d  toward Earth center  by force  

and t h i s  force  c rea tes  a moment r e l a t i v e  t o  lunar centroid which i s  

F x T. 

Total  g rav i t a t iona l  couple due t o  Earth is then obtained by in t eg ra t ion  over 

a l l  =ass p a r t i c l e s :  

3y metins of approximations of the  type 

involving neglect of higher powers of r a t i o s  which are i n f e r i o r  i n  value t o  

-2 i n  t h e  present case,  t h e  components o f  grav i t a t iona l  couple p a r a l l e l  10 

t o  reference axes i d e n t i f i e d  by subscr ipts  are given by 



8 

' .  
QIII = O 

These conponents, resolved along pr inc ipa l  axis  d i rec t ion  xi ,  give the 

first  of t h e  formulas 

AA2, II3 give t h e  components p a r a l i e l  t o  x2 and x3 , respect ively.  
4 - m e  L- 

T'e i d e n t i t y  between t h e  t h i r d  equation of set (9) and t h e  corresponding 

equatlon of s e t  (8)  ind icz tes  the  eozsistency of approxinations made i n  t h e  

oce czse i n  the  p o t e n t i d ,  i n  the  otker ir, t he  evaluation of force  nonents 

Lirect ly .  Likewise the  f i r s t  of equations (8)  and the  I'irst of equations ( 9 )  

'3V show t h a t  -rx gives t h e  g rav i t a t ionz l  c o q l e  about the  X ,  axis. It i s  thus  

shown f o r  t;?e aer iva t ives  indicated i3 (8)  t h a t  each has t h e  prec ise  meaning: 

t h e  compozent of r e su l t an t  grav i ta t iona l  couple r e fe r r ed  t o  t h e  d i r ec t ion  i n  

s?&ce with respect t o  which t h e  corresponding ro t a t ion  i s  made. These 

d i rec t ions  a re  not  orthogonal, so t h a t  the sum of squares of (8)  does.not  

give the  sun of squares of (9)  or  ( 9 '  ).  

of the  acgles ,  t h e  components ( 9 ' )  become, toft t h e  f irst  order bf s m a l l  

It is noted t h a t  f o r  s m a l l  values 

qcan t i t i e s  

For completeness it i s  noted t h a t  



c 

, 

I 
I 
I 
I 
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Wxn an i r r egu la r ly  shaped body moves alosg a curved path each ;ass 
I 
I 

1 i  

point which conpr i se s . i t  experiences a cen t r ipe t a l  force.  

=mer t h a t  a r e su l t an t  c e n t r i f , x a l  force i s  assoc ia ted  w i t h  the body as 

In t he  same 1 

I 

i a whole, acting through ita centroid, a cougle about that point i s  a lso 

&fine& which i s  proportional t o  pr inc ipa l  i n e r t i a  moment difference.  

an a i 2  to t h e  iden t i f i ca t ion  of terns i n  t h e  k i n e t i c  energy which represent  

t h i s  e f f e c t ,  a d i r e c t  ca lcu la t ion  i s  employed which is  analogous t o  t h a t  

f o r  t h e  g rav i t a t iona l  couple already evaluated. 

As 

i 
I 

I L 
I 

The r e l a t i v e  motion of Moon about Earth i s  re fer red  t o  t h e  barycenter 

of t h e  two, t h e  distance of which f ron ' l uns r  cent ro id  i s  denoted by S .  

".'.'en point  P i n  t he  Mooahexperiences a cent r i fuga l  force  per u n i t  mass given 
xr;& 

bY 
- a = G(x2X2 + (s  + x3) i 3 } ;  

i t s  moment r e l a t i v e  t o  lunar  centroid is  

a26 in tegra t ion  over the entire mass gives t h e  complete cen t r i fuga l  couple 

as 
r 

This i n t e g r a l  i s  readi ly  evalua,ted, without approximation, t h e  components 

p a r a l l e l  to rezerence axes being found t o  have t h e  values 



3esolvea 5103:: pr inc ipa l  axes, tho cc;:c_r,onmts of cent r i fuga l  couple are 

Caqar ing  with t h e  k ine t i c  energy f o r  I I  r e l a t ive  equilibrium" & = B = ? = 0 

shows t h a t  
5.' 

while t h e  f a c t  t h a t  - =  aT 0 conforms with the value i( = 0. For completeness 
aa I 

it i s  also noted t h a t  

KII cosa + K sina = - aT 
I11 a8 2 

so  t h a t  i s  i s  establ ished t h a t  t h e  (2osi t ive)  p a r t i a l  der ivat ives  of k i n e t i c  

energy w i t h  respect  t o  a ,  B ,  y, give the  coqonents  of cent r i fuga l  c o q l e  

along the  Xi, X z t ,  and x3 axes respectively -- here X2' cenotes t h e  a x i s  

having d i rec t ion  cosines {.O, cosa, s i n a l  

s e t  S1, X2, X3. 

with respect  t o  t h e  reference 



2x1-0 Condition on L u x r  Elongation Parameter f 

Both k i c e t i c  and po ten t i a l  energies being e q r e s s e d  as functions of  
I .  

angular  displacexent coordinates a, B ,  y and t h e i r  time der ivat ives  6 ,  B ,  

9 ,  with no e q l i c i t t j  dependenc’e’on time t ,  it is known t h a t  an i n t e g r a l  

e x i s t s  of t he  fora 

I q l i c a t i o n s  azd i n t e r p e t a t i o n s  will be discussed f o r  t h e  case of r e l a t i v e  

equilibrium & = B = 

r a t i o  of p r inc ipa l  i n e r t i a  moment difference f, given by 
i 
\ 

= 0, i n  order to demonstrate the manner i n  whichy&he 

A - B  f = -  
A - C  

, 
is p a r t i a l l y  deterinined. The k i n e t i c  energy (6)  reduces t o  

n2 To = - [A - (A  - C)c12 - (A - 9)bl2I 
2 

fo r  wnicn d i r e c t  physical  i n t e rp re t a t ion  is avai lable .  

e3erg-y difference i n  (12) assures t h a t  t h i s  funct ion of t h e  var iab les  a ,  B ,  

y has t h ree  vazishini: p a r t i a l  der ivates ,  so t h a t  

The c o n s t a x y  02 t h e  

a To - ;; -\r - + - -  - 0  
aci aa 

-av aT = 0 ,  - + ! 
SY aY . 
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2ac;1 ;->..m -A.. clpixaririg i n  t h e s e  equazions has a l ready been i s t e r p r e t s d  as a 

couple coc?po:~e?it ; t h e  first equation , I"or es&Tple, expresses the fact t h a t  

bA.L ~1 coE?oncr?t of Sarth-grtivitational couple annuls t he  corresponding 

c o q o n e r t  of c e r , t r i f u g d  couple. The reoaining equations exp-ess t he  same 

conCitlon f o r  o the r  (non-orthogonal) components. 

"Uhree reference axes, it i s  seen t h a t  t h e  resul tant  g r a v i t a t i o n a l  an6 

cen t r l fuga i  c o q l e s  are i n  balance; pr inc ipa l  a x i s  components then a l s o  

s a t i s 3  ;he saxe condition. 

A. , ,>  .. 

By resolving along t h e  

Hence eqLation (12) has t h i s  meaninz, and 
1.. 

P z t i i e r  azalysis shows t h a t  when t h e  quantity V - To, the  s t a t iona ry  value 

of W L ~ C ~  i s  a s s -zed  by the conditions (i3), i s  an a c t u a l  minimum, then 

sezlrlar s t a b i l i t y ,  as contrasted with or&ina=y s t a b i l i t y ,  i s  assured. 

Substi t-dtion from (8) and (6") gives t h e  e x p l i c i t y  f o m  of (12): 

vhere terns i n  To and V which are i n d q e n b i t  of k ,  pandY have been renoved 

t o  t he  r igkz s i d e  of the  equation. 

Ccantizy ' r z  i s  -- -:L=k, while f o r  eccent r ic  o r b i t s  it I s  express ib le  

as a f m c t i o n  of true mor;ziy. 

(12)  &nd (13) take t h e  IGYZI 

I2 t h e  case of c i r c u l a r  o r b i t ,  t h e  
;< 2.1 L O . l >  b A t  

@A 2 
Denozing this qumtity by A, the equations 

Se ts  of equations of t h i s  form have been studied i n  r e l a t i o n  t o  t h e  problera 



I 

r; L 3ir A u q - - - a  - - -  .L&-Lntai in ' ierest  i n  t ge  study o f  physical  l i b r a t i o n s  i s  t h a t  

tkey iaposo conditions on t h e  parameter f which quant i ty  has heretofore  

only been e s t i aa t ed  by arduous A d  indi rec t  procedures depending on the 

> 

nost  d e l i c a t e  observations of t he  physical l i b r a t i o n s  thenselves ( t h e  usual 

procedwe e q l o y e d  being based on a theo re t i ca l  analysis  which has a l to -  

gether neglected the  cent r i fuga l  couple terms b l  and c l ) .  

Squations (13) furnish a c l ea r  node of appra isa l  of t he  e r r o r  cormitted 

by neglect of cent r i fuga l  couple terms- the  physical  i n t e rp re t a t ion  ok'a 

3alance of cen t r i fuga l  and grav i t a t iona l  couples i s  reduced (when bl, c1, 

a r e  neglected) t o  the  statenlent t h a t  g rav i ta t iona l  couple i tself  m u s t  vanish,  

which is  meaningless f o r  a dynamically a spmet r i c  Moon t h a t  experiences any 

>:pica1 l i b r a t i o n  ;cotion zt a l l .  

2nd c1 are of t h e  saae order as b3, so  tha t  t h e i r  neglect i s  no t  J - a t i f i a b i e .  

Even for slliall angles it i s  seen t h a t  $1 

Rscalling t h a t  cen t r i l ugs l  t e r n  'c 1 ax5 c 1 r e l a t i n g  t o  Ezrth-notion 

r e k t i v e  50 Xoon are  r z p e s e n t e d  3y 51 i n  (11, t h e  foregoing discussicn 

points t o  th2 i q o r t a n c e  of including a l s o  t S e  e f f e c t s  of Sun-nozion reiz- 

t i v e  t o  Xoon, r e p e s e n t e d  3y Eo. 
carry a smaller distance f a c t o r ,  it i s  now c l e a r  t h a t  t h e i r  inf luence w i l l  

Althou&h such t e rns  have been seen to 

4- be t h a t  of a d d i t i o c t l  cen t r i fuga l  and gravi ta t iona l  couples , these being 

m c h  l e s s  r e s t r i c t e d  by small values of  a ,  6, y than  t h e  Earth couples. 

L G O ~ ~ Z Z  akead to tke  discussion of motion as tiescribed by Cassini , niore6vera 

t h e  r o l e  of t h e  e c p p t l c  wnich it involves c u l  a lso  be l inked t o  inclusion 

of solar e f f e c t s .  Eence it i s  evident tha t  equations (15) cannot be 

e q c c t e d  to fu rc i sh  a quant i ta t ive ly  accurate theory,  but are of chief  

iztCrt5st i n  revealing qua l i t a t ive  fea tures  of t h e  motion, r e l a t ionsh ips  

b e t w e n  observed constants and unknown constants, and f o r  examining t h e  

s t a 3 i l i t y  of motion. ~ _ _  



i 

u::e'iic Zrici-gy of General L ibra t ion i l  Motion 

BY writi.ng the  lcicetic enqrgy ( 6 ' )  8s 

w3ere p ,  9, r are given by ( 5 ) ,  it i s  possible t o  e s t ab l i sh  an ordering of 

terns i n  two d i f f e ren t  ways. 

ve loc i t i e s  &, 13 and 

these q u m t i t i e s ,  bc t  r a the r  can be writ ten as t h e  sum 02 three funct ions of 

d i f f e ren t  degrees which sepazately have t h i s  property: 

v 
In t h e  first place with regard t o  t h e  general ized 

it is  c l e a r  t h a t  T is  not a homogeneous func t iontpf '  

- -  :&re To i s  honogeneous of degree zero i a  6 ,  B, f, T, i s  honogeneous of degree 

i~r l i ty  5 3  t h e  s a e  var iab les ,  and T2 i s  homogeneous of degree two. 

s y s t e m  possessing k ine t i c  energy expressions of t h i s  form are sonetirnes 

Dynanzical 

callsc! "mnatural" and require  separate analysis i n  many general  respec ts  

(c?. \ k i t t a k e r ' s  h z l y t i c a l  Dynmics ). The term To represents  

t he  k i n e t i c  enerey. of a configurzzion i n  " r e l a t ive  e q ~ l i b r i u m "  i n  t he  noviz;: 

referecce frme Xi, X2, X3; it is  seer? t o  aepend on t h e  configuration throuzh I 

the di rec t ion  cosines bl, cl which, incidental ly  a r e  observed t o  involve only . 1 

two of t h e  coordinates a ,  B, v. That dependence is r e s t r i c t e d  by t h e  p r i n c i p a l  



::yJ.y*c;-< 22 I’z’er A L n c c ~ r q r ? s e n t c d  -. by A - C and f ,  and s ince  t h e  first of these  

i s  0;’ orde r  

t h e  one thLt precedes it. 

fact t h a t  cl and ‘01 a r e  thenselves snall 2s evidenced by t h e  emsi r ica l  f a c t  

t h a t  physical  l i b r a t i o n s  are s m a l l  (but note here  t h a t  t h e  usual assumption 

is  folloved, t o  assume t h a t  t h e  first radius of t he  Moon and t h e  Xorth pole  

f o r  t he  Moon, t h a t  tern i s  evidently rnuch smaller than 

The disproportion i s  fu r the r  accentuated by t h e  

of i t s  equator zay be iden t i f i ed  with pr inc ipa l  i n e r t i a  axes). 

Tr,e term T I ,  homogeneous of first order’n 6 ,  3 ,  a l so  contains twf. ’ P 
p e t s ,  t h e  second of which is  again much s a a l l e r  than t h e  f i rs t ;  t h e  t e r m  

z ip  i s  t h e  nain p a r t  of T I ,  owing t o  the  f ac t  t h a t  it is  of order u i t y  when 

b1, cl a r e  s m a l l .  T 2  i s  the  energy of pure r e l a t i v e  motion, of second degree 

i n  c l ,  B,  +, and again com2osed of one pa r t  which is  much smaller than t h e  

ozker. Iiecce i n  addition t o  the  decompositioa of T i n t o  p a r t s  of d i s t i n c t  

hamgexieous degree indices ,  a fu r the r  hierarchy i s  o3served r e l a t e d  t o  t h e  

szallcess of (A - C). I n  t h i s  rrmcer it appears t k a t  the next s tage  of 

p rec i s ios  5eyond the  r e l a t i v e  e q u i l i h - i m  aiready formulated involves 

\ ‘\ 
I 

- re ten t ion  of t h e  first t e r n  i n  T 1 ;  i n  t h i s  nvlner both t h e  sought parameter 

f and t h e  a?;?roximate l i b r a t i o n  can be accolln,+,ed while terns ciear iy  much 

smller tha? each retained term can be neglected. 

. 



If the  aot ion of the  Earth-:.:oon barycenter i s  e i t h e r  ignored or t r e a t e d  ' .  
as uniforn, r e l a t i v e  t o  an i n e r t , r l  reference frane,  then 2 i s  discarded 

0 

i n  considering the  notion of a 2 z t i c l . e  within the Moon. 

treatment is accorded t o  t h e  moxion of  lunar centroid r e l a t i v e  t o  Zarth-goon 

baycenze r ,  01, is deleted a l so .  

t he  angular  veloci ty  r e l a t i v e  t o  a frane of reference which moves with 1 ~ n a . r  

When t h e  sane 

- 
The notion then appears as fi2,  represent ing 

centroid.  

"3,  be denoted p,  q, r. 

obtained 

Let the conponents or' 'Chis ve loc i ty  along p r inc ipa l  axek'xl, X 2 ,  

Then I:. -,:res or' k i n e t i c  energy (21, t h e r e  i s  

while t h e  acgular nomentm i s  s i q l y  

where principal-axis un i t  vector; have been introduced. 

Tne t i n e  of r a t e  of change o f  angular maentun r e l a t i v e  t o  lunar 

c e r t r o i d  i s  obtained from the  foregoing expression by noting t h a t  t h e  un i t  

vectors a re  t i m e  dependent, Since 

. 
acd two malogous e q a t i o n s  give t h e  v a r i a t i o m  of y2, i3, it, is seen t h a t  

t ke  rate of change o r  angular ni0;entu.a is given as I 
I 

where t i n e  der ivat ives  are ind ica t edby  a dot.  



C o x i d e r i n z  the po-lential ece,-;y &ic to t h e  E a r t h  and the  asymxetric 

= 

cass Cis t r ibu t ion  within the  Moon, t he  relevant part  of (3 )  is 

1 y -B -- X1 
-y 1 a X2 

B -a 1 X3 

1 2  -*< M 
e V (A + 3 + C - 31,) 

i! 

which is  redwed by wri t i cg  I i n  &.G Zorz e 

Tji?ere xl ,  x2, x3 are the  p r inc ipa l  axis coordinates of Earth. In  o rde r .  t o  

exprsss t h e  components of g rav i t a t iona l  couple as der iva t ives  of V with 1 '. e 

respec t  t o  

s u f f i c i e n t  

Since 

I 

\ 
\ 3, y (which i s  v a l i d  when these a r e  small  q u a n t i t i e s ) ,  % is 

exi ress  Xi, x2, x3 i n  t e r m  of these angles t r e a t e d  as s m a l l .  

i n  t he  s t a t e d  l i m i t ,  it is  readi ly  s e e n t h a t  

a: 
aa 

3 1  a 1  
a 3  a Y  

Re= A2Xi.0 + 32XlX3+ C2X3(-X2) = 2(B-C)X2X3 = 2(3-C)~2~3 

R- = 2(A-B)xlx2 e R2- = 2( C-A)X~X~ a d  

within the  order  of present approximation. Hence t h e  g rav i t a t iona l  couple is  

Tie result (pi ), obtained here f r o m  t h e  po ten t i a l  V 

t i i rect ly  i n  the  limit of snall angles a, 8 ,  y ,  by i n t eg ra t ion  of t h e  forces  

ac t ing ,  m i t i p l i e d  by coorqna te s .  

i s  a l s o  f b m d  more e '  

Equating respect ive components of couple and angular momentum der iva t ive  



to b 

TO 

r 

x& (C-2) 
jL3 c-3 e 
dt A qr = 3 5  A .x2x3 + -  - 

3k2N (A-C) 
50 A-c e 
at 3 rp = Bb x3x1 + -  - 

i i 
a d q t  t o  ICoziel’s notat ion,  t h e  corresponding quant i t ies  are seen 

la ted as snown: t.’ 

?resent Notation Koziel Notation 

which k i n g  the s e t  of equations Y C  :k for=  

i 

- 3--4 
y = -  and wr i t ing  M i n  p lace  of k2X - c-3 - C-A 

C e ’  
A ’  B = -  B ’  r’inally ?~-;-:;ag ci = - 

gives exac-Ly t h e  equations (1’03) of Koziel (Acta Astronoznica Ser .  A .  Vol. ‘r, 

p.  66; 1945) 

c 
(AB) 



SL-msrizixS :ke spcc la l  a s s u q t i o n s  which pe rn i t  t he  reduction of 

?resect fornulation t o  t h a t  o f  Koziel: 

i) Ignore non-miform notion of Earth-Moon barycenter and 
a lso  t h a t  of l m a  centroid 

ii) Assume a l l  angular &isplacements t o  be i n f i n i t e l y  siaall, 
hence neglect squares and products of these  quan t i t i e s  

Neglect t he  g r a v i t a t i o n d  couple exerted by t h e  Sun. iii) 

Zqcations ( A 2 )  thus obtained are the  t r a d i t i o n a l  point  of d e p r t u r e  for . 

m e i y s i s  of physical  l i b r a t i o n s  of t he  Moon. I n  t h e  usual subsequent 

ikvelopment, it nay be fur ther  remarked, n? use i s  made of t h e  f a c t  th& 

8n autonczous dynunical systen i s  being t r ea t ed  (a f a c t  which a f fords  a 

more advantzgeous fornulat ion)  

wnich i q a i r  the accuracy of l a t e r  r e su l t s .  

and other approximations are introcuced 

Xost s ign i f i can t  among conseqxences of assumptions l i s t e d  above i s  

t h e  facz t\-+ no c y c a i c a l  riechanisin i s  retained t o  curinter-balance the  

%rt3 g r a v i t a t l o n d  c o q l e  (rcore cozqle-ce ar,alysis skews t h a t  cen t r i l uga l  

c o q l e s  r e l a t ed  t o  fi1 az.d a2 2iay a lerdicg r o l e  i n  t h i s  respec t ) .  S t a b i l i t y  

a a l y s i s  e q l o y l n g   COW i n t e s r a i s  of 2utonomous systen,  i n  addi t ions  provide 

new r e k t i o n s h i p s  between i u n a  f la t ten ing  parameter f and o r b i t a l  p a r m e t e r s  

t h a t  axe a c c u z t e l y  known. 

Y 



. 4 

- 
A:: c v a l c ~ t i n ~ ;  the  p a v i - a t i c n L  co-+ie t e r m  oil t h e  right s i d e  of . 

q c a t i o n s  ( A 5 )  with the  a id  of NacCLLl-,~~'s formula, an advantage i n  d i r ec t -  

zess is  o f f s e t  by tn2  f a c t  t h a t  t ne  z2Lxoxinations which it introduces a r e  

not exhibi ted as c lear ly  as is  done i n  xore elenentary derivations.  I n  view 

of t h e  for= of couple comsonents, moreover, i n  which pr inc ipa l  axis coordi- 

x t e s  of a t t r a c t i c g  body appear hut t h e  ro t a t ion  angles are absent which 

served i n  t h e  b t e r x e d i a t e  calculat l ;z- ,  L t  appears that an aicvantage GI?. 

c l a r i t y  i s  gaissd 3y a r e t u r n  t o  f i r s t  T r i x i p l e s .  

Nswton's l a w  of grav i ta t ion  5' 

expxzxies t h e  force  of a t t r a c t i o n  eqe r i enced  by p a r t i c l e  ciin under t h e  

influence of mass M a t  dis tance p f r ~ ~  tLs ? a r t i c l e .  

a class point  located by 1w.ar princ;;?al rx i s  coordinates xl , x2, x3, 

? a r t i c l e  d~ being s i t u a t e  a t  (<I, 5 2 ,  5 3 ) ,  t h e  complete couple i s  evaluated 

iiegarfing Zarth as 

by an in tegra t ion  over a l l  mass points  b. i n  vsc tor  form t h i s  becomes 

+ k2N 51 52 53 

x1-51 x2-52  x3-53 

dm 

w h r e  t h e  integrand i s  seen to represent the  vector  product of t h e  pos i t ion  

vector of &I 

and the  elezentary force dP wri t ten  i n  vector forn. Noting t h a t  . 



. . i  

3 2  = XI2 + x2 2 + x3? 

it is cLear t h a t  t h e  in tegra t ion  (AL) can be ef fec ted  i n  a s e r i e s  of teras 

pro2ort ional  to negative i n t e g r a l  powers of R. 

exmple,  is t h e  coeff ic ient  of the  corresponding un i t  vector  

The xi-cmponent, for 

Sicce 

we have 

WAen it i s  recz l led  t h a t  ints;:-als of terns  such as 5152 vanish because 

of the  def ic ing property of pr inc ipz l  i n e r t i a  axes, it follows t h a t  t h e  

i n t e g r a l  (A?)  has t h e  value 



the  s2 and "3 com2onents are obtained by permuting i n e r t i a  p a r m e t e r s  and 

Ineices .  

m i s s i o n  oi? which i s  evidently j u s t i f i e d  when R is large compared with  the 

z z x i r ~ ~  dinecsion of t h e  body -- when t h e  dimensions of the  Mooc are cornpared 

with Bioon-2:srtn distance R ,  it i s  seen tha t  t he  first neglected term c a r r i e s  

a coeff ic isnz which i s  about 

i s  re ta iced .  

f zc to r  (C - 3)xzx3 f o r  t he  retained term and the  f ac to r  which appears with 

R-7; t ke  szallnsss of i n e r t i a  moment differences ana Earth coordinates must 

Terms neglected are those having coeff ic ieats  R-7 and smaller, t h e  

t i n e s  sclaller than t h e  preceding tem..which 

'&e ac tua l  nagnitudes, of  course, a r e  a l so  a f fec ted  by t h e  

., thus >e taken i n t o  accouat. 

Coacerning the  coordinates XI, xp, x3 v'r,ich zppear by p r o d w t  p a i r s  i n  - 
t he  sesara te  coziponents of gravi texional  co-qle, it i s  c l ea r  th&t aithougi? 

20 c s s ~ ~ . ~ t i o n s  tzve been x,a& OL t h e i r  v a l x s ,  there  a r e  l a rge  d i f f e r e x e s  

zrxcg t'nez which mst be rocop ize2 .  Th.e e q i r i c a l  f e c t  t h s t  -,Le -x3 axis 

i s  Zirected vary n e z l y  2arthward (anG points exactly toward 3 a x k  each 

sonth as tn2 :Goon CTOSSCS t h e  e c l i p t i c ,  i f  5'. Xayer's first rreridiar. :Lay 

t-,.-, - ,iy be taken as L p i n c i p a l  axis) i zp l i e s  t h a t  x2 and xg are by co;:?zrison 

- .  ezch very sztili. I; follows t h a t  t h e  x3-coxqonent of couple, which is 

- r  "i-2 other  two coqonents .  

c o - q l e  exer ted by tne  Sun, 

x1 a;?d x2, is on t h e  whole very much s o a l l e r  

This charac te r i s t ic  i s  seen t o  cont ras t  witn 

leading t o  a conklusion about -the importance 

thzt  effect.  



., 
A ~ O C  e x h i b i t  3zrzh's Zrzvitztional co;l?ie as the  t eras  on t h e  r i g h t  s ide  of 

equatioix ( A 5 )  

t,ei-zis on tf;s l e f t  s ide .  Sy what has been shovn for t h e  couple coz?onen'is 

G..% 

;his k i n g  the  &a$.,for a l t e r i n g  t h e  angular moizentm 

4. 

in the  case or' Earth, it is  c l e a r  t h a t  t h e  analogous e f f e c t . o f  S m  can be 

accoa;ed 3y an a2di t ional tez-a  ir, each case. 

coE3inet h r t h  and Sun grav i t a t ioca l  cou?les, ( A 8 )  i s  replaced by 

Thus f o r  t h e  xq coqoner;t of 

where scbscr ip ts  and s q e r s c r i p t s  zrs hzrockced t o  C s t i n g u i s h  t h e  separate  

ef?'scts; tLe x2- and x3- component; & r e  of t he  s a e  form involving only 

notat ion gerxutations.  

The customary neglect of Sun'; c o ~ p l e  i n  coclparison w i t h  Z a r t h ' s  i s  

Sasec on i t s  grea te r  distance: 

Piat the  c i s t snce  r a t i o  imglied ir. 

of S-m i s  seen by noting t h a t  

;ore than o f f s e t s  t h e  grozter  msss 

(AlO) 

s s  
heme t h e  coef f ic iea t  of t he  prochcz of SUI'S coordinates 

xcch s n a l l e r  than t h e  correspozdir.2 term f o r  Eartn. 

i s  t h i s  

au t  when account i s  

talken of ~ 3 - ~  -&e f a c t  already noted that x2 e is  s m a l l  compared with x3 e , or  

nore appropriately,  t h a t  

e 
<< 1 

e 
R 



-- 
I . . .  . . .  

e e e 
soc of 3 . x k  ana Sun c o u ~ l s s  a q e x f i s  Gn a knowledge.of x l  , " 2  , x3 , which 

' .  
r q L i r c s  the  cescr ipt ion of l i b r e t i o n a l  rrotion t h a t  is not ava i lab le  u n t i l  

t h e  gresent  problem i s  solved, it i s  s t i l l  possible  t o  obtain usefu l  rough I 
c o q c i s o n s  i n  t h e  following nanner . 

, 

O'aserving t h a t  a l l  t h r e e  coxqonents of E a r t h  couple would be zero if 

e e 
and x2 bot3 xi were zero, i n  which case the  surviving Solar couple t e r n s  

woGid dozinzte despi te  t he  coef f ic ien t  handicap (AlO), consider a r&ge of 

s z a l l - m t  aoc-zero values of Earth cooriiinates end deteraine t h e  por t iocs  

of t he  XOG~'S o r b i t  about E a t h  wherein t h e  Sun's couple i s  g rea t e r  than 

Zarth 's .  
I 
I 

Zvidently these regions axe fu r thes t  from syzygps  and qua.&atures. 
b e .  LL *@ ' 
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C:: tils inczdcocczcg of Zuler  ' s  iiiiyid 3nody Equations for Librztion Analysis 

It i s  wel l  eszablished t h a t  the  fiatural frequencies have unequal values 

f o r  pi tching and r o l l i n g  notions of a s tab ly  or iented satell i te.  

mode (motion i n  the o r b i t a l  plane)  frequency i s  6 0 where Q is t h e  o r b i t a l  

.?xcdl&r veloc i ty  which i s  constant f o r  c i r c u l a r  o r b i t ,  whereas t h e  r o l l i n g  

x0ri.s (zozion i n  plsne norrnal t o  o r b i t ,  containing Ear th)  i s  29. 

l a t i o n  of these values f o r  a s a t e l l i t e  idea l ized  as a plumb-line w e s  given 

by J.L. Sycgr i n  1956 (?roc. Boy. I r i s h  Acad., Vol. 60, Section A ) ,  w d  

Gsneraiizza for  a r j i t r a r y  Eass d is t r ibu t ion  by I. Michelson i n  1962 (ARS 

Journel, V o l .  29, p.1735). 

t he  c e z t r i h g a l  cou2le which appears when r e l a t i v e  motion of s a t e l l i t e  i s  

gro?erly accounted: r e su l t an t  grav i ta t iona l  couple i s  equated t o  r a t e  of 

The p i tch ing  

%e calcu- 

Ths di f2erent  values a r e  explained by nature  of 

cl;ar.ge of z3solrke angular nozestu-i. 

f'-..a16~x?stzl t o  t h e  anslysis  of Xozizi and oxhers are readi ly  seen t o  be 

I scocs i s t ec t  v i t n  t h i s  fact. 

The equations of Laplace which are 

n,- - ~ ~ % - e  ;- X I ~  eqcatiozs i n  t h e  for; ( A b )  and ~ - ~ s e r v e  t h a t  each of t h e  products 

cry r?, azd 2q i s  s z a l l  t o  t he  second order when ro t a t ion  asgles  a ,  8 ,  y 

are sack  f i r s t -o rde r  s m a l l .  

- --.e -e 

i c e n t i c z l  n m e r i c a l  coefficient'  of each r i g h t  s i d e  det'ermices n~tural ?requetcy 

vzlces J?ir f o r  each node. 

Xence these xay be neglected LS c o q a r e e  w i t k  

otker  (first order )  terxs on t h e  lef% s ides  of t h e  equations. Then t h e  

The conclusion i s  t h a t  t h e  E u l e r  equatiocs ( A b ) ,  

trhich arc properly derived f o r  t h e  motion oi a body with one point f i xed ,  

are inzcequate fo r  t he  study of the  inherent ciynanic f ea tu res  of s a t e l l i t e  

l ib raz ions  . 
Lkcn t he  k ine t i c  energy i s  wri t ten as i n  equation ( 6 ) ,  t h e  d i s t i n c t  

n a t w a l  frequencies rrentioned above are  recovered. Lunar l i b r a t i o n s  should 



not oiily by accounting f o r  Noon motion r e l a t i v e  t o  L,.-C- c,31-c -32 StLCi iCC *-- .. ,-. 

. 
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til2ererr-t cozvcnt iond wzys e x h i j i t  t h e  angular ve loc i t i e s  as depecdent 

vGrizbles. Zegardlcss of whether Euler ro ta t ion  angles a r e  employed o r  an 

i incoaverzIoaai s e t  suc3 as a, B ,  y, t h e  expression of angulsr ve loc i ty  coin- 

?orients 8s  l incs;r  f m c t i o n s  of t he  angle time-rates y ie lds  a s i x t h  order 

d l f f c e n t i z l  systea.  The procedure introedced by Eess and widely folioved 

bjj cor , teqorzry Russian Cynmicis ts  is di f fe ren t  i n  t h i s  respec t ,  t h z t  QQ ‘ 

CX&TZC s e q u a c e  of ro ta t ions  i s  required, t h e  angular v e l o c i t i e s  being 

t reazed 2s fmdw.ecta1 quant i t ies .  An addi t ional  s e t  of t h ree  equat iom i s  

e q l o y z 6 ,  the underlying, s p x e t r i e s  of which are exploited t o  give new and 

.. 6eep ins igh t s  of t he  motion of a r i g i d  bo6y about one of i t s  f ixed poin ts .  

. -.le m x i o n  of present i n t e r e s t  is  of course not i n  t h i s  category, but t h e  - 
:-::sssi&r, a,nclysis with a l t e r a t ions  hclds coasiderable ?.?peal nonetheless , 
ow; r L A  

zo the reza in ingpiz~erPec t  ~ ~ a l o a .  



i Abstract of ?aper t o  be Presented a t  t he  131th In te rna t iona l  Astronautical 
I Congress, Athens, Greece, September 18, 1965. . .. 

DEDUCTIONS FROM NONLINEAR AKILYSIS OF SATEELITE .PHYSICAL LIBRATIONS 

I. Michelson I 
Passive control  of s a t e l l i t e  orientation i n  space is  hindered by t h e  

inherent low-frequency character c-f f ree  osc i l la t ions .  I n  v i e w  of t h e  poor 

efficiency of damping devices under these conditions, it is desirable  t o  

examine i n  t h e  fullest  d e t a i l  t he  dynamic features of r i g i d  satel l i tes  of 

general configuration i n  eccentr ic  orbi ts .  Nonlinear Analysis of  Physical 

Librations,  reported a t  the  XVth IAF Congress, elucidated t h e  manner i n  

which or ientat ions o r  r e l a t ive  equilibrium are extended by t h e  inclusion of 

s m a l l  compound f i c t i t i o u s  forces of re la t ive  motion. 

of tine autonomous nature of the motion have been established, notably t o  

r e l a t e  t he  lowest energy l i b ra t ion  modes near equilibrium t o  t h e  i n e r t i a  

parameters of the s a t e l l i t e  and t o  o rb i t a l  charac te r i s t ics .  

Further consquhces  

I 

I Accounting f o r  i n e r t i a  e f f ec t s  i n  t he  d i s t inc t ive  manner of Lagrange's 
I 

i stucij of physical l i b ra t ions ,  a basic c lass  of motions i s  defined by spec ia l  

conditions f o r  secular  s t a b i l i t y  of  re la t ive  equilibrium i n  a non-uniformly 

ro t a t ing  system. By assuming tha t  llCassini" notion conform t o  these 
I 

- s t a b i l i t y  requirements, t he  orientations and p r inc ipa l  i n e r t i a  moment d i f fe -  

rence r a t i o s  are inter-related.  The fundamental dynamical bas i s  of such 

motion i n  the  case of the  Moon i s  thereby c l a r i f i e d ,  furnishing a theo re t i ca l  

basis for the  observed incl inat ion of i t s  equator and permitting analogous 

deductions w i t h  regard t o  a r t i f i c i a l  s a t e l l i t e s .  The formulation considers 

t'nree f i n i t e  degrees of freedom of physical librat.ior,, the  erder  ~f the 

system of equations being reduced by ignoring s o l a r  pressure and other  

exp l i c i t l y  time-dependent e f fec ts .  

I 

I 

kn important consequence of  t he  general i ty  of the  motion considered 

is the demonstration t h a t  equilibrium a t t i t u d e  i s  strongly affected by o r b i t  

eccent r ic i ty  and dynamic asymmetry of satel l i te .  These same parameters a l so  

play a major ro l e  i n  determining tne  nature and s t a b i l i t y  of per iodic  motions 

i n  the v i c in i ty  of equilibrium orientations.  Canonical formulation i s  dis- 

cussed, i n  uhich these t w o  quant i t ies  define a perturbation procedure. 

I l l i n o i s  I n s t i t u t e  of Technology 


